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Abstract 

Presented in this work are some results relative to sequences found 
in the logistic equation bifurcation diagram, which is the unimodal 
quadratic map prototype. All of the different saddle-node bifurca- 
tion cascades, associated to every last appearance p-periodic orbit 
(p = 3, 4, 5,...), can also be generated from the very Feigenbaum 
cascade. In this way it is evidenced the relationship between both cas- 
cades. The orbits of every saddle-node bifurcation cascade, mentioned 
above, are located in different chaotic bands, and this determines a se- 
quence of orbits converging to every band- merging Misiurewicz point. 
In turn, these accumulation points form a sequence whose accumula- 
tion point is the Myrberg- Feigenbaum point. It is also proven that 
the first appearance orbits in the n-chaotic band converge to the same 
point as the last appearance orbits of the (n + l)-chaotic band. The 
symbolic sequences of band-merging Misiurewicz points are computed 
for any window. 

1 Introduction 

Nonlinear dynamical systems exhibit a rich variety of behaviors. Bifurca- 
tions, chaos, patterns, phase transitions are among the most investigated 
phenomena, and they have led to many discussions within scientific liter- 
ature. The former mentioned phenomena appears in a lot of dynamical 
systems, and this is an indicative of the existence of underlaying common 
structures whose origin claims to be uncovered. 
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To be able to undertake the study of a dynamical system, diverse tools 
have been developed, which make the study of such problems easier, by 
means of simplifications, classifications or through the identification of uni- 
versality classes among transitions from one behavior to another. 

Near a hyperbolic fixed point, the well known Hartman-Grofiman the- 
orem states that the local phase portrait is topologically conjugate to the 
phase portrait of the linearized system. However, when the fixed point is 
a non-hyperbolic one, the center manifold must be considered. The Center 
Manifold theorem allows one to generalize the ideas of the Hartman-Grofiman 
theorem. It is deduced that the flow, restricted to the center manifold, de- 
termines the topological behavior close to a non- hyperbolic fixed point. In 
general, when the flow is restricted to the center manifold the problem is 
simplified quite a bit, yet the restricted flow itself can be very complicated. 

The normal form theorem is the next mathematical tool that must be 
used: a smooth vector field is substituted by a polynomial vector field. An- 
other technique very similar, in certain way, to the tool stated above consists 
in constructing a Poincare section. After that, the Poincare map is created, 
that is, a map from the Poincare section in itself. In dissipative systems 
this map contracts the Poincare section surface after each iteration, and the 
initial problem is thus transformed into another problem with an attractor 
of lower dimensionality. 

Fortunately, one-dimensional maps provide a good approximation to many 
dynamical systems. Furthermore one-dimensional maps can be classified into 
universality classes. That is why the bifurcation route to chaos, discovered by 
Feigenbaum [HE] an d characterized by its universal scaling is so important. 
And for the same reason the logistic equation 

x n +i = f{x n ) = fJ>x n (l - x n ) \i € [0,4], x n G [0, 1] (1) 

is so intensively studied. The different behaviors of this map can be extended 
to any quadratic one-dimensional map, because they are topologically conju- 
gated PJ. Therefore, any dynamical system ruled by a quadratic polynomial 
behaves as if it were ruled by the logistic equation. 

The goal of this paper is to show in the logistic equation the interesting 
connection between the Feigenbaum cascade and the saddle-node cascade [4]. 
Also this connection affects the global structures of windows and Misiurewicz 
points [5j where chaotic bands mix. Given the multitude of dynamical sys- 
tems that exhibit Feigenbaum's universality, it is very probable that they 
also show the new universal behaviors described in this paper. 
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Periodic windows, apart from being an irreplaceable tool in system dy- 
namics, also play other roles and appear in different problems of nonlinear 
dynamics. They can be used, by applying the Poincare map, to spot the 
windows of a dynamical systems which are ruled by ordinary differential 
equations [6]. Chaos control techniques use periodic windows too and they 
use unstable periodic orbits inside them (7J [8]. Periodic windows are also use- 
ful to study chaos-induced diffusion [9] which is affected by the presence of 
proximate periodic windows. Therefore any contribution aimed at the iden- 
tification of the laws ruling periodic windows will be useful in these related 
fields. 

This paper is organized as follows: 

In section [31 it is proven that there is an analytic relation among saddle- 
node bifurcation cascades [4] and Feigenbaum cascade [TJ [2]. The former 
is derived from the latter. We will refer to this relation by conjugation of 
cascades. The section [3] is preceded by section [2] where later used definitions 
and theorems are introduced. 

In the following section HI the previous result is used to prove that saddle- 
node bifurcation cascades associated to last appearance orbits in the (re + 1)- 
chaotic band and the ones associated to first appearance orbits in the n- 
chaotic band converge to the same Misiurewicz point where the (n + 1)- 
chaotic and n-chaotic bands mix. 

Section [5] generalizes the former results, which were only valid in the 
canonical window, to any periodic window. In particular, we will also gener- 
alize the rule to get the saddle-node bifurcation cascade in any window. As 
a spin-off, a geometrical interpretation of the Derrida, Gervois and Pomeau 
(DGP) formula [10] is achieved. 

In Section El some potential applications of the theorems to experimental 
research are indicated. 

2 Definitions 

The following notation, definitions and theorems will be referred to in what 
follows. Whenever they are based on or copied from a previous work, the 
original reference is given. 

Definition 1. S n will denote a re-periodic symbolic pattern. The symbols 
are R or L, depending on wether the iterates Xi of a re-periodic orbit 
of the logistic map JT]) are xi > \ or Xi < \ (i = 1, 2, 3, ... re), respec- 
tively pj]. In particular, to determine in an unique way the periodic 
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sequence S n , we will always take as the first letter in the sequence that 
corresponding to the position X{ nearest to 1/2, the rest of the symbols 
being determined by the succesive iterations of this first value [4]. 

Definition 2. The pattern S n has even "i?-parity" if it has an even number 
of symbols R in it. Otherwise S n "iZ-parity" will be termed odd 
We will use i?-parity whenever we work with logistic-like maps (up- 
wards convex). Should we were working with the real Mandelbrot 
map, for instance (which is downwards convex), all R's and L's in 
what follows would appear interchanged, and we would use L-parity 
instead. 

Definition 3. The pattern S n obtained exchanging R and L in S n will be 
called the conjugated sequence of S n . In the case of a supercycle pat- 
tern CS n -i (C corresponds to X\ = 1/2), its conjugate will only change 
the R and L in the pattern, whereas the initial C remains in place. 

Definition 4. (S n ) p = S n S n . . . S n , is the pattern of n ■ p symbols con- 

s v y 

p times 

structed by p repetitions of the n-symbols pattern S n . As a conse- 
quence, we may write [(S n ) p ] q = (S n ) p ' q . We will adopt an analogous 
notation for the case of supercycles. 

Definition 5. CS n -\ is a n-symbols pattern formed by replacing the first 
letter in sequence S n by the symbol C . This orbit corresponds to a 
supercycle periodic orbit (starting at x\ = |). 

Definition 6. (CS n ) p \S p is the pattern resulting from the substitution of 
the p succesive C-letters in the pattern (CS n ) p = CS n CS n . . . CS n by 

p times 

the p succesive symbols in S p . 

Definition 7. CP n ^ q represents the pattern of the n-th pitchfork bifurcation 
supercycle of the g-periodic orbit. For q = 1 we will write simply CP n . 

Definition 8. The first F-harmonic of CS n , denoted by Hp\cS n ), is formed 
appending CS n to itself and changing the second C to R (L) if the R- 

(2) 

parity of CS n is even (odd). The second F-harmonic, H F (CS n ), is 
formed appending CS n to Hp\cS n ) and changing the new C to R (L) 
is the .R-parity of Hp\cS n ) is even (odd). The successive F-harmonics 
are constructed in the same way. [12] 



4 



The F-harmonics (or Fourier harmonics) were introduced by Romera, 
Pastor and Montoya in [12] and have been widely employed by these 
authors in the study of dynamical systems [13j EU US] • It must be em- 
phasized that, while those harmonics introduced by Metropolis, Stein 
and Stein [TT] give us the patterns corresponding to the Feigenbaum 
period doubling cascade, the F-harmonics are used to compute the 
patterns of the last appearance orbits (see Definition 10 below) in the 
current window. This property will be amply used in our proofs; they 
will be, together with the saddle-node bifurcation cascades, the main 
tools used in this paper. 

Definition 9. A saddle-node bifurcation cascade is a sequence of saddle- 
node bifurcations in which the number of fixed points showing this kind 
of bifurcation is duplicated [4]. The successive elements of the sequence 
are given by an equation identical to the one that Feigenbaum found 
for a period doubling cascade [HE]- This implies that both bifurcation 
cascades (Feigenbaum's and saddle-node) scale in the same way. 

Definition 10. We will consider a g-periodic window to be a first appear- 
ance window within the p-periodic one if it corresponds to values of 
parameter \x of expression ([TJ) smaller than any other (/-periodic win- 
dow inside the given p-periodic one. Similarly, we will define a last 
appearance q-periodic orbit (within the p-periodic one) as that having 
the larger /i parameter among the period-g windows (of the p-periodic 
one). 

A periodic window of period q ■ p will be called the g-periodic window 
inside the given p-periodic one, to stress the similarity of the structures 
in period-p window with those in the canonical window. 

Definition 11. Within the chaotic region of the logistic equation bifurca- 
tion diagram (to the right of the Myrberg- Feigenbaum point), there 
exist chaotic bands of \i values where the iterates of expression ([T]) tend 
to be grouped in 2 n intervals (separated by 2™ — 1 "empty" intervals); 
we will refer to one of these bands as the n-th chaotic band. Following 
the same naming convention as in Definition 10, we will speak of the 
first and last appearance q ■ 2 n -periodic orbits inside a chaotic band, 
as those corresponding to the smaller and greater parameter fj, values, 
respectively, within that n-chaotic band. 

In our proofs we will often use saddle-node cascades inside the canonical 
window. They can be worked out applying the following theorem, which is 
a particular case of that shown in [1]. 
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Theorem 1 (Saddle-Node bifurcation cascade in the canonical window). 
The sequence of the p ■ 2 n -periodic saddle-node orbit of a saddle-node 
bifurcation cascade starting from a p-periodic orbit in the canonical 
window is obtained with the following process: 

(i) Write the sequence of the orbit of the supercycle of f 2 , that is 
CP n (see Definition 7). 

(ii) Write consecutively p times the sequence obtained in the former 
point "i", getting a sequence like 

CP n . . . CP n 

v V ' 

p times 

(iii) Write the sequence of period-p saddle-node orbit, that is, the se- 
quence of the saddle-node orbit of f p . The first point in the se- 
quence must be the nearest saddle-node point to C . 

(iv) // n is odd then conjugate the letters obtained in point "iii" by 
means of L <-> R. Bear in mind that n G Z + . 

(v) Replace the i-th letter C (i = 1,2, ... p) of the sequence obtained 
in "ii" by the i-th letter of the sequence obtained in "iv". 



3 Conjugation of cascades. 

Theorem 2. (Conjugation of cascades in the canonical window) Let Sp.2" 
be the pattern of the p ■ 2™ -periodic orbit of a saddle-node bifurcation 
cascade in the canonical window. If CSp^-i denotes the supercycle 
associated to S p .2" (see Definition 5) and CP n denotes the supercycle 
of the n-th pitchfork bifurcation (see Definition 7) then 

CSp^-i = Hp l \CP n ) 

That is, the supercycle of the n-th element of the cascade can be com- 
puted from the saddle-node bifurcation cascade (using Theorem 1) or 
from the Feigenbaum cascade (using F-harmonics, see Definition 8). 

Proof. To prove this statement, we are going to compute the pattern of 
one of these 2 n p-periodic orbits in two ways: 1) applying the Theorem 1 
(Saddle-Node bifurcation cascade in the canonical window), this way we get 
the n-th term of the saddle-node bifurcation cascade, and 2) computing 
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the (p — l)-th F-harmonic to the 2 n -periodic orbit generated after the n-th 
pitchfork bifurcation of the 1-periodic orbit. 

In our proof we must consider separately the cases of even and odd n. 

Let n be even: 

(i) Applying Theorem 1: 

Theorem 1 involves the following steps: 

• determine the last apperarance p-periodic orbit pattern, that is 
CRL P ~ 2 [16]. Given that n is even, this pattern will not be con- 
jugated (i.e. R's and L's will not be swapped). 

• repeat p times the sequence CP n which gives 

CP n CP n . . . CPn (2) 

p times 

• substitute the succesive C symbols in the pattern J2|) by the suc- 
cesive symbols in the pattern CRL P ~ 2 , which gives the pattern 
sought for: 

CP n RP n (LP n ) p ~ 2 (3) 
where p = 3, 4, 5, . . . (there is no cascade for p = 2). 

(ii) Applying F-harmonics: 

The construction of the F-harmonics follows the next steps: 

• append CP n to the pattern CP n , giving 

CP n CP n 

• substitute the second C by R (or L) if the i?-parity of CP n is 
even (or odd). Given that n is assumed to be even, the i?-parity 
of CP n is also even (see Note 1 in Appendix); as a consequence 
the first F-harmonic becomes 

Hp {CPn) = CP n RP n 

• generate the n-th F-harmonic appending CP n to the (n — l)-th 
F-harmonic, and changing the second C of the obtained sequence 
by R (or L) if the -R-parity of 1 ' ) (Ci- > „) is even (or odd). It is 
easy to see that H F ,(CP n ) -R-parity is odd. As a consequence, on 
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appending the expression CP n to H F (CP n ) in order to obtain the 

(2) 

H F (CP n ), the C will be changed to L, thus conserving i?-parity. 
The same will happen for the next F-harmonics thus getting 

H^iCPn) = CP n RP n {LP n f- 2 (4) 

where p = 2, 3, 4, . . . (although in the cascade there is no p = 2). 



Let n be odd: 

(iii) Applying Theorem 1: 

In this case of n odd, Theorem 1 would be equally applied but pattern 
CRLP~ 2 must be conjugated to CLBP~ 2 . Thus the final pattern will 
be 

CP n LP n (RP n y- 2 (5) 

(iv) Applying F-harmonics: 

Being n odd, the i?-parity of CP n is also odd (see Note 1 in Appendix), 
thus modifying the first F-harmonic to 

H { p(CP n ) = CP n LP n 
having even i?-parity As a consequence, on appending CP n to H^p (CP n ) 

(2) 

to get to H F (CP n ) the second C will be replaced by R thus conserving 
the i?-parity. The result is 

H^iCPn) = CP n LP n (RP n f- 2 

with p = 2, 3, 4, 5, . . . 



In summary, the theorem is proven because both Theorem 1 and the 
F-harmonics give the same results 

CP n RP n {LP n )P- 2 p = 3, 4, 5, . . . for n even 
CP n LP n (RP n y- 2 p = 3,4,5,... for n odd 1 ' 

The terms with p = 2 in the F-harmonic have been disregarded, given that 
they correspond to a pitchfork bifurcation which, thus, cannot account for a 
saddle-node one.-^ 
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Examples. 

As an example, we will show how to obtain the first saddle-node bifurcation 
orbits of the last appearance period-5 orbit in the canonical window, whose 
pattern is CRL 3 . It will be enough to examine the cases n = 1,2 to show 
how to perform the calculation in both cases when the P n orbit has to be 
conjugated or not. 

For n = 1, that is odd n: 

• Using Theorem 1 we compute: 

- the corresponding CP\ in the canonical window is simply CR 

- the pattern CRL 3 will be conjugated because n is odd, resulting: 
CRL 3 ^CLR 3 

- repeat CRp = 5 times: CRCRCRCRCR 

- replace C's in the latter sequence by CLR 3 , resulting: CRLR 7 

• Using Theorem 2 and F-harmonics: 

- CP 1 = CR 

- its first F-harmonic is CRCR — > CRLR (C changes to L because 
-R-parity of CR is odd) 

- its second F-harmonic is CRLRCR — > CRLR 3 (C changes to R 
because -R-parity of CRLR is even) 

- and its fourth F-harmonic is CRLR 7 

Both sequences coincide, as it was expected. 
For n = 2, that is even n: 

• Using Theorem 1 we compute: 

- CP 2 = CRLR 

- the pattern CRL 3 will not be conjugated because n is even 

- repeat CRLR p = 5 times: C RLRC RLRC RLRC RLRC RLR 

- replace C's in the latter sequence by CRL 3 , resulting: CRLR 3 (LR) 

• Using Theorem 2 and F-harmonics: 

- CP 2 = CRLR 
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- its first F-harmonic is CRLRCRLR -> CRLR?LR (C changes 
to R because -R-parity of CRLR is even) 

— and its fourth F-harmonic is CRLR 3 (LR) 7 

Both sequences also coincide. 

4 Convergence of first and last appearance orbits. 

Theorem 3. In the canonical window, the last appearance orbits within the 
(n + 1) -chaotic band have the same accumulation point as the first 
appearance orbits within the n-chaotic band. 

Proof. To prove the theorem, we need to compute the patterns of the first 
and last appearance orbits within an arbitrary chaotic band. These patterns 
are given by the saddle-node bifurcation cascades associated, respectively, to 
the first and last orbits in the 1-chaotic band. The saddle-node cascades will 
be computed by means of Theorem 1. Given that this theorem treats the 
cases of even and odd n differently, we will study these two cases separately. 
Let n be even: 

(i) Computation of the first appearance orbit patterns within the n-chaotic 
band. 

As we have already indicated, we compute the requested pattern ap- 
plying Theorem 1 following the next steps: 

• give the pattern of the first appearance superstable p-periodic 
orbit within the 1-chaotic band. This pattern is CRLR?~ 3 , with 
p = 3,5,7, ... 

• repeat p times the pattern CP n (see Definition 7) as in the fol- 
lowing 

CP n CP n ...CP n (7) 

S v ' 

P times 

Given that we assume n to be even, the symbols in the pat- 
tern CRLR P ~ 3 are not conjugated, and succesive C's in expres- 
sion are simply replaced by the successive C's in the pattern 
CRLR P ~ 3 . This substitution results in the sought for pattern 

CP n RP n LP n (RP n ) p - 3 (8) 

where p = 3, 5, 7, . . . As expected, the pattern ([8j) has p ■ 2 n 
symbols. 
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(ii) Computation of the last appearance orbit patterns within the (n + 1)- 
chaotic band. 

To apply Theorem 1 we accomplish the following steps: 

• give the pattern of the last appearance superstable p-periodic or- 
bit within the 1-chaotic band, that is [T6] 

CRL p - 2 

with p = 3, 4, 5, . . . 

• repeat p times the pattern CP n+ \. Given that n is even, CP n+ \ = 
CP n RP n (see Note 1 in Appendix), this becomes 

CP n RP n CP n RP n . . . CP n RP n (9) 

V v ' 

p times 

• given that n + 1 is odd the pattern CRL P ~ 2 will be conjugated, 
resulting in CLRP~ 2 . Next, succesive C's in expression J9)) are 
replaced by successive symbols in CLRP~ 2 . This substitution 
gives the sought for pattern, that is 

CP n RP n LP n (RP n ) 2p 3 

where p = 3, 4, 5, . . . 
Let n be odd: 

(iii) Computation of the first appearance orbit patterns within the n-chaotic 
orbit. 

We take an identical approach to "i", but given that n is odd, the 
pattern CRLR P ~ S must be conjugated to CLRL P ~ 3 . The consequence 
of this conjugation is that the following pattern is generated 

CP n LP n RP n (LP n ) p - 3 

with p = 3, 5, 7, . . . 

(iv) Computation of the last appearance orbit patterns within the (n + 1)- 
chaotic orbit. 
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We take an identical approach to "ii", but given that (n+1) is even, the 
pattern CRL P ~ 2 must not be conjugated. On the other hand, given 
that n is odd, we have CP n+ \ = CP n LP n (see Note 1 in Appendix). 
As a consequence, the pattern 

CP n LP n RP n (LP n ) 2p ~ 3 

is obtained, with p = 3, 4, 5, . . . 



In summary we get: 

• the first appearance orbit patterns within the n-chaotic band are: 

CP n RP n LP n {RP n )P- 3 p = 3, 5, 7, . . . for n even 
CP n LP n RP n (LP n ) p - 3 p = 3, 5, 7, . . . for n odd 1 j 

• the last appearance orbit patterns within the (n + l)-chaotic band are: 

CP n RP n LP n {RP n ) 2p ~ 3 p = 3,4,5,... forn even 
CP n LP n RP n (LP n ) 2p - 3 p = 3,4,5,... forn odd 1 ' 

Myrberg's formula [17] shows that the parameters corresponding to these 
orbits have the same accumulation point, and this proves the theorem. < 

4.1 Consequences of Theorem 3 (Misiurewicz point cascade) 



The limit p — > oo of expressions (flOl) and (fill) corresponds to those points 
where the n and n + 1 bands merge. These are Misiurewicz points having a 
preperiod (within square brackets in the following expression) followed by a 
period that corresponds to an unstable periodic orbit: 

[CP n RP n LP n ]RP n forn even 

[CP n LP n RP n ] LP n for n odd 1 ' 

These expressions were previously obtained in [43] using a different approach. 
The value of the parameter fj, in expression ((TJ, where these points are lo- 
calized, is the smallest solution of the equation 

being V n {\i) the dynamical polynomials defined in fTTJ [18], which can be 
obtained recursively (for equation ([T])) as 

Vq = 1/2, Vn+l = fiV n (l ~ Vn) 
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Figure 1: First and last appearance orbits approaching the band merging 
Misiurewicz point. 
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Given that patterns (fl~2j) have been obtained as the limit of saddle-node 
orbit sequences elements (each of these elements belongs to a different saddle- 
node bifurcation cascade) the following corollary can be stated: 

Corollary to Theorem 3. Band merging points, whose patterns are given 
in {HP as the limit orbits of saddle-node orbit sequences, form a Mi- 
siurewicz point cascade. Furthermore, this Misiurewicz point cascade 
converges to the Myrberg-Feigenbaum point, driven by the behavior of 
the saddle-node bifurcation cascades, as is described in J]^. 

5 Generalization to any g-periodic window 

The selfsimilarity shown by the behaviors of the logistic equation is well 
known. It is revealed by the existence of periodic windows that mimic the 
different structures of the canonic window. Inside every subwindow the same 
bifurcation diagram structure exists, with its periodic and chaotic regions, 
intermittencies, and so on. In particular, every window shows in its beginning 
a periodic behavior, followed by a pitchfork bifurcation cascade; similarly 
every window has saddle-node bifurcation cascades, which reflect the ones 
existing in the canonical window. 

This circumstance is a clear suggestion to look for the relationship be- 
tween the orbits of the pitchfork bifurcation cascade and those of the saddle- 
node bifurcation cascade, both belonging to a given (/-periodic window. In 
this way we generalize the results obtained above, for the canonical window, 
to any arbitrary window. Nonetheless, although the results for the canonical 
window will become a particular case of the more general theorems, they 
will be used in the proofs of the general theorems. 

The Bifurcation Rigidity theorem [19] allows us to approximately com- 
pute the parameter values for which the different orbits in a p-periodic win- 
dow, mimicking those in the canonical one, take place. This is achieved 
through a linear mapping of the windows, the deeper the subwindow is lo- 
cated the more exact the result is. Nevertheless, this useful tool does not 
allow us to determine the patterns of the orbits and thus, we cannot establish 
a relationship among them. 

To obtain the patterns of the orbits, we need to compute that of the 
p ■ 2 n -periodic orbits in a saddle-node bifurcation cascade, located inside a 
g-periodic window. A similar problem (that of finding the pattern of a q- 
periodic orbit inside the p ■ 2"-periodic window) was already addressed in 
[I] and is thus known to us. Merely exchanging the names of the windows 
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involved, brings us the requested pattern. This result, using the compact 
notation introduced in section [2j is stated as follows. 

Theorem 4. Let £ p .2™ (n = 1,2, 3... ) be the patterns of the orbits in a 
saddle-node bifurcation cascade located inside the canonical window. 
Let S q be the pattern of the q-periodic saddle-node orbit which marks 
the origin of the q-periodic window, and let CS q -\ be the pattern of 
its associated supercycle. The pattern S q . p .2n of the p ■ 2 n -periodic or- 
bit in the saddle-node bifurcation cascade inside the q-periodic window 
considered is 

({CS q -i) p ' 2 \Sp.2") for even R-parity of the q-periodic supercycle 

((C 'S q -i) p ' 2 |Sp.2 n ) for odd R-parity of the q-periodic supercycle 

Proof. The proof is achieved by just exchanging f q «-> /f' 2 " in the original 
proof (see [4]). With this substitution, expression 

{(CSq-lf 2 \S p .2n) 

is obtained, which is valid for f q having a maximum at x = 1/2. This 
corresponds to an even -R-parity of the q-periodic orbit (see Lemma 1 in the 
appendix). Should f q have a minimum at x = 1/2, that is, for a (/-periodic 
orbit having odd i?-parity (see Lemma 2 in the appendix), it is enough to 
conjugate Sp.2™ — > <Sp-2 n to get the correct result, that is 

((CS q -l) p2 \Sp.2") 

As a consequence of replacing f q <-> / p ' 2 ™, we observe that the orbit 
of f p ' 2 gets reproduced around every extremum of f q lying near the line 
Xi + i = Xi. This is shown in figure [2j where the shape of the / 3 orbit (upper 
panel in figure [2]) can be identified in those extremes of / 5 (right panel in 
figure[2]) near the diagonal Xj+i = X{. In figure[3]the same situation is shown, 
this time for the supercycle of J 5 ' 3 ' 2 (saddle-node bifurcation of that of / 5 ' 3 ); 
in this case it is / 3 ' 2 that gets reproduced in each maximum of / 5 . 

Let us emphasize that, what is being obtained is the pattern of a p • 
2 n -periodic saddle-node orbit located inside a q-periodic window. Given 
that this (/-periodic window has its origin at a (/-periodic saddle-node orbit, 
the resulting pattern will be that of a q ■ p ■ 2 n -periodic saddle-node orbit. 
Moreover, the geometrical construction used in the proof, allows us to show 
the geometrical meaning of the DGP formula, as can be seen in what follows. 
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0.93 0.931 0.932 0.933 0.934 0.935 0.936 0.937 0.938 0.939 0.94 

x i 

Figure 2: Graph of / 5 ' 3 (the f 3 periodic orbit inside the period-5 window). 
It can be seen how in one of the extrema of / 5 (highlighted in the right panel 
plot) the shape of f 3 is reproduced. 




Figure 3: Graph of / 5 ' 3 ' 2 (the f 3 ' 2 saddle-node bifurcation of the f 3 periodic 
orbit inside the period-5 window, which is located in the 1-chaotic band 
of the period-5 window). It can be seen how in one of the extrema of / 5 
(drawn in the right panel and encircled by the ellipse) the shape of f 3 ' 2 is 
reproduced. 
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The substitution of the first symbol in the pattern S q . p .2" by a C is 
enough to obtain its associated supercycle, that we denote by CS q . p .2"-i 
(see Definition 5), whose geometrical interpretation was given above. Given 
that this same supercycle can be also constructed applying DGP rule to 
compute the product of the orbits CSp^-i and CS q _\, what is obtained is 
a geometrical interpretation of the DGP rule. We thus conclude (see figure 
0]for a graphical sketch) that: 

1. The composition of the supercycles CS p .2"-i and CS q -\ , according 
to DGP rule, represents the supercycle associated to the p ■ 2 n -periodic 
orbit, inside the g-periodic window. 

That is so because, in the geometric proof, we have forced the shape 
of a p ■ 2 n -periodic saddle-node orbit to appear around the extrema of 
a saddle-node g-periodic orbit. This is shown in figures [2] and [3l 

2. However, we could have forced the reverse situation, that is, to re- 
produce the shape of the g-periodic orbit around the extrema of a 
p-2 ra -periodic orbit, arising after n pitchfork bifurcations of a p-periodic 
saddle-node orbit. In that case, we would be focusing on the n-th pitch- 
fork bifurcation of a p-periodic orbit, localized inside the g-periodic 
window. This second case was already known and is not a conclusion 
of our geometrical proof. 

Theorem 4 allows us to state Theorem 2 and Theorem 3 generalized to 
subwindows inside the canonical one. The proofs are given in the next two 
subsections. 

5.1 Conjugation of cascades in an arbitrary window. 

Theorem 5 (Conjugation of cascades in an arbitrary window). Let S q . p .2 n 
be the pattern of the p ■ 2 n -periodic orbit in the saddle-node bifurcation 
cascade inside the q-periodic window, such that p is a last appearance 
orbit. If CS q . p .2"-i denotes the supercycle associated to S q . p .2« (see 
Definition 5) and CP n>q denotes the n-th pitchfork bifurcation supercy- 
cle of the q-periodic orbit (see Definition 7) then 

CS q .p.2n-l = Hp (CP n>q ) 

What the theorem says is that, inside an arbitrary g-periodic window, 
superstable orbit patterns of a saddle-node bifurcation cascade, which 
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^-periodic window (q=3 ) 



Figure 4: Example of the application of Theorem 5, within the period-3 
window to find the last appearance orbits in the 1- and 2-chaotic bands, 
applying F-harmonics to the orbits in the Feigenbaum cascade. Also shown, 
is how the Feigenbaum cascade is computed from Metropolis-Stein-Stein 
harmonics [H], and the saddle-node bifurcation cascade is obtained using 
Theorem 4. 
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is associated to a last appearance orbit, coincide with orbit patterns 
generated by appying F-harmonics to Feigenbaum cascade supercycles. 

Proof. Let us consider a q-periodic window, whose origin is in a q-periodic 
saddle-node orbit. This g-periodic window needs not to be a primary window, 
any window located inside any other will do. 

Let us also consider the last appearance p-periodic orbit inside the chosen 
g-periodic window, where p = 3, 4, 5, . . .. This p-periodic orbit has a saddle- 
node bifurcation cascade associated to it, whose orbits have periods p ■ 2 n , 
n = 0, 1, 2,..., and are all located inside the q-periodic window (that is, 
they are really q ■ p ■ 2 n -periodic orbits). 

We want to show that the p ■ 2 n -periodic saddle-node orbit supercycle 
inside the g-periodic window can be obtained equivalently by applying The- 
orem 4 or computing the (p — l)-th F-harmonic of the n-th pitchfork bifur- 
cation of the g-periodic orbit. 

Let the imparity of the g-periodic supercycle pattern be even. 

(i) Applying Theorem 4. 

This theorem (see section [5]) says that the pattern CS q . p .2"-i is given 
by 

((CS q -i) p ' 2 \CS p .2"-i) for even i?-parity of the g-periodic orbit 
On the other hand, the pattern C5 p .2«-i is given by expression ([6]). 

(a) Let n be odd. Then CS v .2^-\ = CP n LP n (RP n y- 2 according to 
expression (|6j). Then we perform the following computation 

((CVi) p ' 2 "|CS P -2»-i) = {{CS q ^r 2n \CP n LP n {RP n )P~ 2 ) 

= {{cs q ^r\cp n ){(cs q ^r\LP n ) 

((cs q ^r\Rp n y- 2 

(b) Let n be even. Then CS p . 2 ^-i = C P n RP n {LP n f- 2 , with p = 
3, 4, 5, . . . according to expression j6]). In this case the computa- 
tion goes as follows 

((CS 9 -i)P- 2 "|CS p . 2 »-i) = ((CS q - 1 ) p2n \CP n RP n (LP n ) p ~ 2 ) 

= {(CS q ^) 2n \CP n ){(CS q ^) 2n \RP n ) 

((cs q ^r\LP n y- 2 
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(ii) Applying F-harmonics. 

Let us now apply F-harmonics to the n-th pitchfork bifurcation of the 
g-periodic orbit. 

The n-th pitchfork bifurcation of CS q -\ , that is CP ntq , is given by 

{(CS q ^f n \CP n ) 

and has the same i?-parity as CP n , according to Lemma 2 in the Ap- 
pendix. 

(a) Let n be odd, then the i?-parity of CP n is odd and, hence, the 
imparity of ((CS^-i) 2 ™ \CP n ) is also odd (for n > 1). The F- 
harmonic is computed as 

[{CS q ^) 2n \CP n ] = 
= [{CS q ^f n \CP n ] [{CS q ^) 2n \LP n ] 

where the C's in the last bracket have been changed to L's because 
of the assumed odd i?-parity. As a consequence, H^p [(CS 9 _i) 2 " |CP n ] 

has even i?-parity. To compute the second F-harmonic Hp^ [(CS q -\) 2r 
those C's will be replaced by R thus keeping the same i?-parity. 
Hence, the result for the {p — l)-th F-harmonic is 

Hjr 1} [{cs q ^r\cp n ] = 

= [(cs q ^r\cp n ] [(cs q ^r\LP n ] [(cs q ^r\Rp n ] p - 2 

(b) Let n be even, thus the i?-parity of CP n is even as well and the 
.R-parity of ((C^-i) 2 " |CP n ) is also even. The first F-harmonic 
of ((CViHCPn) is 

[{CS q ^f n \CP n ] = [{CS q ^) 2n \CP n ] [{CS q ^f n \RP n ] 

It is easy to see that [(C S q -i) 2 " \C P n ] has odd P-parity. As 
a consequence, on appending the expression [(C S q -\) 2n \C P n ] to 

HjP [(CS q ^i) 2 " \CP n ] , in order to obtain the second F-harmonic, 
the C will be switched to L, keeping the same i?-parity. The same 
will happen for the next F-harmonics, thus giving 

H { r 1] [{cs q ^r\cp n ] = [(cs q ^r\cp n ] [(cs H ri^] 

[(cs q ^r\LP n ] p ~ 2 
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We have thus proven that, for even as well as for odd n, the same results are 
achieved both ways. 

Let the i?-parity of the q-periodic supercycle pattern be odd. In 

this case we will have to compute 

{{CS q -i) p2 |C5p.2"-i) 
using Theorem 4. On the other hand, the n-th pitchfork bifurcation will be 

{(cs q ^f n \cp- n ) 

and it has the same i?-parity as CP n according to Lemma 2 in the Appendix. 
Furthermore CP n has odd (even) i?-parity when n is even (odd) as indicated 
in Note 1. Therefore, when F-harmonics are calculated, the same results will 
be obtained. 

5.2 Convergence of first and last appearance orbits in an 
arbitrary window. 

Theorem 6: Inside any q-periodic window, the last apperance orbits within 
the (n + l)-chaotic band have the same accumulation point as the first 
appearance orbits within the n-chaotic band. 

Proof. Once again we study separately the cases of even and odd i?-parity: 
Let the i?-parity of the g-periodic supercycle pattern be even. 

We want to compute the pattern of the supercycles of the p ■ 2 n first appear- 
ance and p • 2 n+1 last appearance saddle-node orbits within the g-window. 
These orbits are located in the n- and (n + l)-chaotic bands of that window, 
respectively. In order to do so, we will apply Theorem 4, and hence we need 
to know the patterns of the p-2 n first appearance and p-2 n+l last appearance 
saddle-node orbits within the canonical window, which are located in the n- 
and (n + l)-chaotic bands, respectively. 

(i) Let n be even. 

The pattern of the supercycle associated to the first appearance p ■ 2 n 
saddle-node orbit, in the canonical window, is (see fTUl) 

CS p .2"-i = C P n RP n LP n (RP n ) p 3 (13) 

where p = 3, 5, 7, Also, the pattern of the supercycle of the last 

appearance p-2 n+1 saddle-node orbit, in the canonical window, is given 
by (see 031) 

CS p . 2n+ i_ 1 = CP n RP n LP n {RP n ) 2p - 3 (14) 
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• The pattern of the supercycle associated to the p ■ 2" first ap- 
pearance saddle-node orbit, within the g-window, is computed by 
applying Theorem 4 as follows: 

(a) Repeat p • 2™ times the pattern CS q -i 

(cvi) p " 2n 

(b) Conjugate it according to (fl~3|) 

[{CS q ^f n \CP n ] [(CS^riRPn) [{CS q ^f n \LP n \ 

[(cs q ^r\Rp n ] p - % 

(15) 

• The pattern of the supercycle associated to the p ■ 2 n+1 last ap- 
pearance saddle-node orbit, within the q- window, by applying 
Theorem 4 is computed as: 

(a) Repeat p ■ 2 n+1 times the pattern CS q -\ 



(b) Conjugate it according to JT4 

? n \I 

[{CS q ^) 2n \RP n 



[(CS q ^f n \CP n ] [{CS q ^f n \RP n ] [{CS q ^f n \LP n \ 



(16) 

For p — > oo, the patterns (fTBI) and (fl~6|) converge to the same Misi- 
urewicz point with preperiod 

[{CS q ^) 2n \CP n } [(CS q ^f n \RP n ] [{CS q ^f n \LP n ] (17) 

and period 

[{CS q ^f n \RP n ] (18) 

(ii) Let n be odd. 

The pattern of the supercycle associated to the first appearance p • 2 n 
saddle-node orbit in the canonical window is fseefTQl) 



CS p . 2 n-i = CP n LP n RP n (LP n ) p - 3 (19) 

where p = 3, 5, 7, Also, the pattern of the supercycle associated to 

the last appearance p • 2 n+1 saddle-node orbit in the canonical window 
is given by (see fTTI) 

CS p . 2 n+i^ = CP n LP n RP n (LP n ) 2p - 3 (20) 
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• Pattern of the supercycle associated to the p ■ 2 n first appearance 
saddle-node orbit, within the q- window, by applying Theorem 4 
is computed as: 

After repeating p ■ 2 n times the pattern CS q -\ and conjugating it 
according to (fl~9j) we obtain 




• Pattern of the supercycle associated to the p-2 n+ last appearance 
saddle-node orbit, within the q- window, by applying Theorem 4 
is computed as: 

After repeating p- 2 n+1 times the pattern CS q -\ and conjugating 
it according to ([20]) we obtain 




For p — > oo, the patterns (j2~T1) and ([22]) converge to the same Misi- 
urewicz point with preperiod 

[{CS q ^f n \CP n ] l(CS q ^f n \LP n ] [(CS q ^) 2 "\RP n ] (23) 

and period 

[(CS q ^f l \LP n ] (24) 



Let the i?-parity of the (/-periodic supercycle pattern be odd. Given 
that the -R-parity of CS q ^\ is odd, the conjugated patterns CSp^-i and 
C5 p .2»+i_i will be used on applying Theorem 4. Hence, the results obtained 
will be the same. 

Corollary to Theorem 3 is now rewritten, valid for any periodic window 
in the bifurcation diagram. 

Corollary to Theorem 6. Band merging points in a q-periodic window, 
whose patterns are given in /ti7|)-/TES] ) and li23\)-([24\) as the limit or- 
bits of saddle-node orbit sequences, form a Misiurewicz point cascade. 
Furthermore, this Misiurewicz point cascade converges to the Myrberg- 
Feigenbaum point of that window, driven by the behavior of the saddle- 
node bifurcation cascades, described in ^jj. 
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It is important to notice that the symbolic sequences of the Misiurewicz, 
given by (|17H18I) and (|23H24I) . show the band merging points in any window, 
that is, not only those (already known) corresponding to the canonic window, 
but also those located inside every subwindow. 

6 Discussion and conclusions 

It has been shown, in the preceding sections, how the patterns of those pe- 
riodic orbits of the Feigenbaum cascade determine the patterns of the orbits 
of the saddle-node bifurcation cascades. The accumulation points corre- 
sponding to these latter patterns are the band merging points, that are also 
Misiurewicz points. The sequence of these Misiurewicz points converges to 
the Myrberg- Feigenbaum point, and determines the chaotic band structure 
of the bifurcation diagram. This chain of relations shows how the periodic 
part of a window determines its chaotic part: the hyperbolic components of 
the set, determine the non-hyperbolic ones. 

The relationship between the Feigenbaum cascade and the saddle-node 
bifurcation cascade could be expected, because both cascades share the same 
scaling law found by Feigenbaum |T|. On the other hand, this scaling is 
the direct consequence of the renormalization equation. This equation has 
only one fixed point in the functional space, whose stable manifold is one- 
dimensional. Thus, Feigenbaum's cascade and saddle-node cascade can but 
pertain to the same scaling universality |20j . 




The problem of localizing the chaotic band merging points, as well as 
the convergence of that sequence of points, is a problem largely addressed 
numerically by many authors as, for instance, by Hao and Zhang |21j in 
their "Bruselator oscillator" model. Both problems can be approached us- 
ing the Corollary to Theorem 6, stated above, and the saddle-node cascade 
convergency, described in [4]. 

From the symbolic sequences of a pitchfork orbit in the Feigenbaum's 
cascade, the symbolic sequences of the supercycles of the saddle-node orbits 
can be computed. After which, Myrberg's formula p2] can be used to com- 
pute the value of the parameter giving rise to those orbits. This circumstance 
can be very useful to the experimenter, because once the Feigenbaum cas- 
cade has been observed, the corresponding saddle-node bifurcations can be 
spotted from it. Given that many dynamical systems, in particular lasers, 
present period doubling cascades, it easy for the experimenter to explic- 
itly localize the saddle-node bifurcation cascades from the experimentally 
obtained return-map [22] . As a result, it is also possible to spot the inter- 
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mittency cascades associated with that saddle-node bifurcation cascade. We 
must take into account that without an exact knowledge of the parameter 
values, it is practically impossible to localize these cascades, because of the 
geometrical stretching of those regions under saddle-node bifurcations. 

We want to point out other possible uses from an experimental point of 
view. A relevant fact for the experimenter is the possibility to assess the 
localization of the Misiurewicz points which separate chaotic bands within 
any window. In this way, parameter values can be bound to the particular 
region of interest where the sought phenomena take place. 

There is yet another interesting point. In all the results just obtained, 
orbit sequences have been considered. Each of them had a symbolic sequence 
associated to it. These symbolic sequences on their own, can be used to assess 
the underlying universal scaling laws [23]. This can be reflected, for instance, 
in the fact that the previously signaled Misiurewicz points scale according 
to the same Feigenbaum scaling scheme. 

All that has been shown in this paper is immediately extendible to uni- 
modal maps with extrema of the form x 2n under very general considerations. 

Appendix 

Lema 1 Let f(x; fx) be an unimodal C 2 class map of the interval [a, b] into 
itself, such that its critical point x c E (a, b) is a maximum (minimum). 
If for fj, = fj,o, there exists a q-periodic supercycle having a pattern 
CSq-i, then f q (x c ; hq) has a maximum (minimum) when the R-parity 
of CS q -i is even, while it has a minimum (maximum) in case of odd 
R-parity ofCS q -\. 

Proof: Let us consider a value of /j in a small neighborhood of /xq, such that 
f q (x; fi) has a fixed point at some x = x c + e, for some arbitrarily small 
e > 0. At x = x Cl f q (x c ; /i) has a critical point, given that f(x c ; fi) has 
a critical point, for x = x c . To determine whether it is a maximum or a 
minimum, it is enough to see whether, in a neighborhood of x c + e, the 
iterated function f q (x c + e; fi) is increasing (corresponding to / having 
a minimum at x c ) or decreasing (corresponding to a maximum). That 
is, whether [f q ] (x c + e; \x) is positive or negative. 

[f q ]'(x c + e; f J,) = f[f'(x i ) 

i=l 
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where the Xi represent each of the q iterates of the function / period, 
starting at X\ = x c + e. It turns out that 

g 

sign [f q ]' (x c + e; //) = JJsign /'(a;*; /i) 

8=1 

Let us assume / to have a maximum at x c , that is, to be an increasing 
function in (a, x c ) (i.e. with positive derivative) and a decreasing func- 
tion in (x c , b) (i.e. with negative derivative). When f q has a minimum 
at x c (i.e. sign [f g ] (x c + e; fi) is positive) the number of xi laying in 
(x c , b) will be even, therefore, the number of i?-symbols in the pattern 
of the orbit will be even. Conversely, when f q has a maximum at x c , 
the number of i?-symbols in the pattern will be odd. 

Considering x\ = x c + e — > x c , we get back the superstable orbit, 
CSq-i. This represents the deletion of the first R of the pattern, 
corresponding to x\. Based on the continuous variation of the function 
with /x, we find that for an even i?-parity of the supercycle pattern, a 
maximum will be present at x = x c , while for an odd -R-parity, there 
will be a minimum. < 

Note 1: We need to know the ii-parity of CP n in order to compute F- 
harmonics of the pitchfork orbits in the proof. It is clear that for the 
period-1 orbit supercycle, whose sequence is C, its first pitchfork has 
the sequence CR and odd i?-parity; the orbit originated by the second 
pitchfork has sequence CR[C]R — > CRLR, as given by the Metropolis- 
Stein-Stein harmonic [TT|, having even ii-parity; the iteration of these 
harmonics gives odd i2-parities for those CP n with n odd, while those 
CP n with even n, have even i2-parity. As a consequence of this, it 
is easy to see that CP n has odd (even) i?-parity whenever n is even 
(odd). 

Lemma 2 The n-th pitchfork bifurcation of CS q -\, that is, CP n) q is given 
by 

{{CS q ^f n \CP n ) for even R-parity ofCS q -\ 
{(CS q -i) 2 \CP n ) for odd R-parity of C S q -i 

Furthermore, CP n<q has the same R-parity as CP n (respectively, CP n ) 
for even (respectively, odd) R-parity ofCS q -\. 

Proof. 
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Let the i?-parity of CS q -\ be even. When the MSS composition 
rule pj] is applied, the sequence S q _\ does not play any role, because 
it does not change the -R-parity of the new pattern. Only the C's 
formerly changed have a role. Therefore we work as if with the n-th 
pitchfork bifurcation of the period-1 orbit. 

Let the i?-parity of CS q -\ be odd. The proof is similar to the 
former point, but the sequence S q -\ changes the i?-parity of the new 
pattern when the composition rule is applied. Therefore we work as if 
with the conjugated of the n-th pitchfork bifurcation of the period-1 
orbit. 

Whatever the .R-parity of S q -\ is, the (CS ? _i) 2 " sequence always has 
an even number of S q -\ sequences, therefore this even number of S q -\ 
gives an even i?-parity. So, the i?-parity of ((C5 g _i) 2 \CP n j comes 
from the C's inserted from CP n , that is, the imparity of ((CS^-i) 2 " \CP n ) 
is that of CP n . In the same way it is proven that {{CS q -i) 2 \CP n ) 
has the same i?-parity as CP n . 
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